Introduction
The purpose of this research is to treat by means of the perturbation method the spectral theory and the scattering theory connected with the exterior problem for symmetric hyperbolic systems.
The systems which we shall consider are of the form The boundary space N(z) is assumed to be maximally conservative with respect to L and coercive for L restricted to the orthocomplement of its null space.
Throughout this paper, we shall restrict ourselves to perturbations taking place in bounded domains ; i.e., we assume that, outside of a sufficiently large ball, say for x\>p 9 M(x) is the identity matrix, Aj(x) do not depend on x and B(x) is zero. We write Aj(x) = Aj (constant) for \x\>p. Then the unperturbed problem compared with (1. 1), (1. 2) is the initial value problem for the equation (i. 3) 4-f = Ljf = 4iM/T he matrix A\g)= S^yly (fe/r-{0}) is not assumed to be nonsingular. But it is assumed to be isotropic :
The scattering theory for symmetric hyperbolic systems in an exterior domain is already treated by Lax and Phillips in their book [12] as an application of their abstract representation theorems, based on their introduction and study of outgoing and incoming subspaces of initial data of the problem. However, their theory is limited to the case when the space dimension n is odd and L is elliptic; i.e., the matrix A(x 9 g)=^Aj(x)%j is non-singular for each x^G and %^R n -{0}, though condition (1.4) on the unperturbed operator L 0 is not assumed there.
Condition (1. 4) is very strong. However, there exist several concrete problems appearing in classical physics which satisfy this condition (cf., e.g., Wilcox [22] ). The Maxwell equations are a typical example.
We require (1. 4) mainly to give an explicit formulation of the radiation conditions (see Definition 4. 1). Our formulation differs from that given by Lax and Phillips, and is based on the work [15] of Matsumura.^ Once we succeed to define the radiation conditions attached to the operator L, all the results can be easily treated in the framework of the theory developed by many authors for the wave and Schrodinger equations.
We denote by M^ the Hilbert space of C m -valued square integrable functions in G with norm (1. 5) where f -37 denotes the inner product between f and 17 in C m . By assumptions, the operator L l = M~l(x)L initially defined for smooth functions with bounded supports in G which satisfy the boundary condition (1. 2) determines uniquely a selfad joint operator in M 19 which we also denote by L 1B Our main problem is to prove the following assertion: Let a-(=1=0) real be not in the point spectrum of L 19 , the boundary condition (1. 2) and the radiation conditions at infinity (the subscripts "4-" and " -" are related with the incoming and outgoing radiation conditions, respectively). To prove this we can apply a method developed by Eidus [2] for a generalized Helmholtz equation, noting the local compactness of the set which is deduced from the coercivity condition on N(z). The above assertion derives not only the absolute continuity of the continuous spectrum of L l but also the existence of the distorted plane waves <£?(#, %) = P v (%)e iX 't J r V$(x. £) solving the equation 
We denote by Q 0 and Q the projections onto the null space of L Q and the eigenspace of L 19 respectively. Then W ± define unitary operators of (I-Q 0 )M 0 onto (I-Q)M 19 and coincide with the wave operators in the time-dependent formulation, namely
here /: M Q -^M^ is the "truncation" operator defined by
As is mentioned above, our results cover the scattering problem for the Maxwell equations of the form :
with the boundary of a perfect conductor. This generalizes results of Schmidt [19] , in which is developed the case where M^(x) = M 2 (x} = 1. Our results also have some contact with the work of Wilcox [22] , He considered uniformly propagative systems of the form (1. 4) ).
Let us explain briefly the outline of our proof. In § 2 we summarize several assumptions required below, and give a Hilbert space formulation of the problem. In §3 we consider the unperturbed problem. We summarize and slightly sharpen results of Matsumura [15] concerning the elementary solution of L 0 -X/. All the discussions in §3 are used to study the structure of the spectrum of L!. In §4, after giving a formulation of the radiation conditions, we derive that the point spectrum <T p (L^ of L^ consists of isolated eigenvalue which are of finite multiplicity except the origin 0, and that the continuous spectrum is absolutely continuous with respect to the Lebesgue measure showing that the solution of (1. 6) with cr not in the set o-p (L^{Q} converges as £-*±0 in the class of functions which satisfy the radiation conditions. In §5 we establish the existence and certain properties of the distorted plane waves &*(%> ?)> which provide the eigenfunction expansions associated with the operator L±. The operators FT* defined by (1.9) are shown to be unitary operators from
where Z ± are the adjoint operators of W* given for each f(x) by
The first relation of (1. 17) gives the expansion formula (generalized Fourier inversion formula) for Lj restricted to (I-Q)M^ Further,
3) Similar problems have been treated also by Kato [10] ] and Ikebe [7] .
(1. 17) establishes the unitary equivalence between L 0 and L t :
In § 6 we use (1. 19) to show that W ± defined by (1. 9) coincide with the wave operators in the time dependent formulations. Then the scattering operator S can be defined as S=Z + W~, and is proved to be unitary in (/-Q Q ) M Q . Finally, in § 7 we apply the obtained results to the Maxwell equations (1. 13) in an exterior domain and to the uniformly propagative systems (1. 14) in the whole space R n ,
Assumptions and the Hilbert Space Formulation of the Problem
We consider the solution with finite energy (i. e., square integrable in the exterior domain G of R*) of the mixed initial-boundary value problem
In the following, we require on the coefficients of (2. 1) and the boundary space N(z) the following assumptions. where {LM-ML}f=Q for \x\>p by (iii). These prove the inequality of the lemma if we note that M(x) has the bounded inverse M~l(x). q. e. d.
The Free Space Problem

Motivation.
We consider the reduced equation
to the unperturbed problem (1. 3) in the whole space R n , where Aj are mxm Hermitian matrices and -A°(!) = 5] Afc^ %<^R n , is assumed to be isotropic (see assumption (iv)).
We denote by M Q = \_L\R n ')~] m the Hilbert space with norm
Then, obviously L 0 defines a selfad joint operator in M QJ which we also denote by L 0 , with domain 
Then v itself must be zero for \x\ >p.
In order to show this we use results of Ludwig [14] on the Radon transform. Let 31 be an operator from
Then it is known in [14] (Theorem 4. 9) that 31 is one-to-one bicon- Thus v = 3lv satisfies the equation (3. 14) (A°(CO)---<r\V(s, o>) = 0 for \s\ > P .
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Putting U v (s, ci)) = P v (co)£)(s, co), we obtain
To complete the proof of the theorem it remains only to show that v^N 1 -, which can be verified if we follow the same line of proof as given by Lax and Phillips [12 ; VI. Theorem 2. 7]. Namely, we infer (3. 13) with / replaced by v inductively from the relation
that is easily obtained from (3.14).
q. e. d.
Elementary solution of the operator L Q -X.
Let us recall that the matrix A\^) has the following spectral representations: 
Further, we see that
These imply that E(x-y, X) (X : non-real) is the resolvent kernel of L 0 :
The following results are due to Matsumura [15] . 
where h is any constant such that 0</z<l, and the "const" is independent of x (large} and 6. Since the support of q-, iX (o-) is compact uniformly in x (large), we have, using Hilfsatz 1. 3 of Friedrichs [3] , that has the following properties: (1) and (2) Since o-r^O, every non-trivial solution of (4.1) lies in the orthogonal complement of the null space of L±; i. e., Proof. The second assertion is a direct consequence of Theorem 3. 1. To show the discreteness of the point spectrum we use Lemma 2. 1. Let {or n } be a sequence of non-zero eigenvalues which converges as n-*°° to a finite <r, and let {%>"} be a set of corresponding eigenfunctions such that with the Rellich compactness criterion we deduce that there exists a subsequence {<p n '} of {<p n } which converges to a function <p as w '_>oo in the sense of L 2 -norm over any bounded subdomain of G. On the other hand, we know that the supports of <p n are all contained in the ball K p . Thus cpj must converges to 9? in M l as ft'-^oo, which contradicts (4.4).
Remark 4.1. If the operator L-a-M(x)
(cr^O) has the unique continuation property, then from the second assertion of the above theorem we see that the operator L± has no eigenvalue except the origin 0. However, the origin 0 is somewhat ambiguous ; the possibility of the origin 0 being an eigenvalue remains even if Lj is assumed to be elliptic. Now we give a formulation of the radiation conditions attached to the operator L x (cf., [18] ). Definition 4. 1.
8)
Let f(x) be a C m -valued function defined for large \x\. Then f is said to satisfy the incoming radiation condition if it satisfies the following properties :
/(*) = 0(! x | -™ 2 ) (7 > 0), (4. 5),
and f is said to satisfy the outgoing radiation condition if it satisfies the following properties:
8) The radiation condition plays a role of a boundary condition at infinity in the problem (4. 9) or (4.13) given below. So we may have several different formulations of the radiation condition. In fact, our formulation differs from that given by Lax and Phillips C12J where they restrict the behaviors of functions at infinity by introducing the initially incoming and eventually outgoing subspaces. Proof. We have only to deal with case when <p satisfies the incoming radiation condition. We put G r = {x e G ; I x \ < r} (r > p). Then using the Green formula we get Since 7>0, this proves that <p(x) belongs to M^ q. e. d.
2. Absolute continuity of the continuous spectrum.
Let Vs = Vs(x, <r) be the solution in M^ of the equation where f(x) is any function in M l with compact support in G r (r>p). Let /S r (5) be the function given by (4.7), and put i0 e = £ r (|#|)fl e . Then w s is in c^0 and satisfies the equation ( 
11) L 0 Ws-(<r + i£)Ws = 4/3/(\x\)A 0 (-2-)v t (x 9 a) .
I \\X\J /5/ means the derivative of j3 r and is a function with support in r<5<r + l. Thus, as was studied in §3, v t (x, a-) can be expressed for \x >r + l in the form:
if we note that v s = w s for |#|>r + l. In the following of this section, we shall derive that the limit v ± as £->±0 of v z exists in the class of functions which satisfy the radiation conditions (4. 5)± if or is not an eigenvalue of L 1? and satisfies the equation 
Proof.
Since v s is expressed by (4. 12) for | x | large, it follows from Corollary 3. 1 that Thus, if ||0 g || lfGr is bounded, then v s^J C 1+s and satisfies (4.15) with R independent of 6. Further, if the limit v+ exists, then by (4. 12) it can be expressed for \x large in the form
As has been already mentioned in Remark 4. 2, the right member of (4. 19) satisfies the radiation condition.
q. e. d. We can now prove the following theorem. Proof. (Cf ., Eidus [2] ; Theorem 4) We carry out the proof for the case of £>0. We first establish the fact that {v ? ; 0<£<1} forms a bounded set in JC 1+S . If we assume the contrary, then l^eji+s-* 00 for some sequence £"-> + 0. We put tJ e =|0 B r+8# s (below we shall omit the index «). Then |fl| 1+8 = l and Using this inequality, we apply the same argument to {v £ } as was applied to {tJj. Then we find that we can select a subsequence {Vz n } from the 0 e , where £ M -> + 0, which converges in JC 1+S to some function v + of the form u+ -o-~lQ 1 
Theorem 4. 2. Suppose that a-^<r p (L^ U {0} and f(x) is any func-
9) S l L z(G r }
Eigenfunction Expansions
The main results of this § and the next § 6 can be treated in the framework of the theory developed by many authors for the Schrodinger and the wave equations in an exterior domain (cf., Shizuta [21] , Ikebe [5, 6] , Shenk [20] , and Lax and Phillips [12, 13]).
Distorted plane waves.
We first establish the existence and properties of distorted waves {V v (#, f;X);i/ = l,2,-",£} defined for #eE<5, ^R n and!mX>0(or ImX<0). These results will enable us to show that the distorted plane waves We have the following diagonal representation of 
Proof.
We have only to show that Pv This can be proved by the same argument as given by Ikebe [5] . Put The strong limits as £-^±oo of W(f) are, if they exist, called the wave operators. Our first aim in this § is to show that the wave operators exist and are equal to W ± given in the preceding section. 11) In Theorem 6.1 of [22] it is not assumed that L Q is isotropic and 7-has compact support. It is sufficient to assume that L 0 is uniformly propagative and r(#) behaves like 0(l*|~*) C£>1) at infinity. We consider the Maxwell system
in an exterior domain G in R 3 , and we require the following boundary conditions:
For each z of the boundary 9G, u^z) + au 2 (z) is parallel to the normal n(z) to the boundary, where a is a given constant. Under the above conditions on (7.4), we can verify that the system (7. 1) with (7. 2) satisfies all the assumptions (i~~vii) given in §2.
It is known by Schmidt ([18] , Appendix 4 of [15] ) that the boundary condition (7. 2) satisfies assumptions (v) and (vi). Assumption (i~~iv) and (vii) are evident since we have Put M(jr)^ = i|r={^r 1> ^J. Then it follows from (7.9) that (7. 11) div ih = div i/r 2 = 0 , and from (7. 10) that (7.12) where N(*, a-) is a matrix valued function having a bounded support. Applying L 0 -fcr to (7.12) and noting (7.11), we finally get where $i(-, cr) is also of bounded support. Since cr 2^0 and this implies that i|r = 0. q. e. d.
To 2. First-order systems in the whole space.
We consider the system we have only to show the inequality (7.14) for f= where 
